Abstract. The invariant balanced Hermitian geometry of nilmanifolds of dimension 6 is described. We prove that the (restricted) holonomy group of the associated Bismut connection reduces to a proper subgroup of SU(3) if and only if the complex structure is abelian. As an application we show that if J is abelian then any invariant balanced J-Hermitian structure provides solutions of the Strominger system.
Introduction
Given any Hermitian structure (J, F ) on a 2n-dimensional manifold M , Bismut proved in [3] the existence of a unique Hermitian connection with torsion T given by g(X, T (Y, Z)) = JdF (X, Y, Z) = −dF (JX, JY, JZ), g being the associated metric. This torsion connection will be denoted here by ∇ and the torsion T will be identified with the 3-form JdF . In relation to the Levi-Civita connection ∇ g of the Riemannian metric g, the Bismut connection is determined by ∇ = ∇ g + 1 2 T . Since the connection ∇ is Hermitian, its (restricted) holonomy group Hol(∇) is contained in the unitary group U(n). We are interested here in the case when Hol(∇) is reduced to SU(n), and a Hermitian structure satisfying this condition is said to be Calabi-Yau with torsion. In dimension six, these structures are related to the Strominger system in heterotic string theory [21] and several constructions of Calabi-Yau with torsion manifolds can be found in [13, 14, 15, 16] .
Suppose that M is a nilmanifold, i.e. a compact quotient of a simply-connected nilpotent Lie group G by a lattice, endowed with an invariant complex structure J, i.e. J stems from a complex structure on the Lie algebra g of G. It is proved in [9] that if there is a J-Hermitian metric on M such that the holonomy of the associated Bismut connection is contained in SU(n) then there is an invariant J-Hermitian metric on M which is balanced in the sense of [18] . The latter condition means that the associated Lee 1-form θ vanishes identically or, equivalently, the form F n−1 given by the wedge product of the Kähler form (n − 1)-times is closed. Moreover, Fino, Parton and Salamon [10] proved that for an invariant Hermitian structure (J, F ) on M , the balanced condition is equivalent to the Calabi-Yau with torsion condition.
Our goal in this paper is the study of the invariant balanced Hermitian geometry of 6-dimensional nilmanifolds, the behaviour of the holonomy of the associated Bismut connection ∇ and the application to finding solutions of the Strominger system with respect to ∇ in the anomaly cancellation condition.
In greater detail, the paper is structured as follows. Section 2 is devoted to a detailed description of the invariant balanced Hermitian geometry of 6-dimensional nilmanifolds M . It is proved in [22] that the Lie algebra g underlying M must be isomorphic to h 2 , h 3 , h 4 , h 5 , h 6 or h − 19 . The latter is the only one for which the complex structure is of non-nilpotent type and its balanced Hermitian geometry is studied in [23] . On the other hand, only h 5 admits a complex-parallelizable structure J 0 and the pair (h 5 , J 0 ) corresponds to the well-known Iwasawa manifold. We put special attention to the balanced Hermitian geometry associated to abelian complex structures. In the list above, the Lie algebras having abelian complex structures J are h 2 , h 3 , h 4 and h 5 , but it turns out that the J-Hermitian metrics on h 2 or h 4 are never balanced (see Proposition 2.8). In contrast, any abelian complex structure on h 5 admits balanced Hermitian metrics by Corollary 2.9. The Lie algebra h 3 is special, since there exist, up to isomorphism, two complex structures but only one of them admits compatible balanced metrics. This Lie algebra corresponds to the product Lie group H × R, where H is the 5-dimensional generalized Heisenberg group.
The main result in Section 2 is Theorem 2.11, which gives a description of the invariant balanced geometry on 6-dimensional nilmanifolds in terms of a global basis of 1-forms {e 1 , . . . , e 6 } adapted to the structure (J, F ), in the sense that the complex structure J and the fundamental form F express in the canonical way Je 1 = −e 2 , Je 3 = −e 4 , Je 5 = −e 6 and F = e 12 + e 34 + e 56 .
1
In Section 3 we study on nilmanifolds the weak ∂∂-lemma recently introduced by Fu and Yau [12] in relation to deformations of balanced metrics. It is proved in [12] that given a compact complex ndimensional manifold M with a balanced metric, if along a small deformation M λ of M the (n − 1, n)-th weak ∂∂-lemma is satisfied then there exists a balanced metric on M λ for sufficiently small λ. If M is a nilmanifold endowed with an invariant complex structure J, using the symmetrization process and the results on the Dolbeault cohomology of (M, J) obtained by Rollenske in [19] , we show when the weak ∂∂-lemma on (M, J) is reduced to the study of the weak ∂∂-lemma at the Lie algebra level. In particular, if the complex structure J is abelian then the (n − 1, n)-th weak ∂∂-lemma is always satisfied. The general behaviour in dimension 6 with respect to the weak ∂∂-lemma in the presence of balanced structures is also described. As an application, we give an explicit deformation I λ of an abelian complex structure I 0 on a nilmanifold associated to h 5 having compatible balanced metric such that the (2, 3)-th weak ∂∂-lemma only holds for λ = 0 but I λ admits balanced metric for any λ, which shows that the weak ∂∂-lemma is not a necessary condition for the existence of balanced metric along deformation of the complex structure.
In Section 4, using the description given in Theorem 2.11, we determine the (restricted) holonomy group of the Bismut connection ∇ for any invariant balanced Hermitian structure (J, F ). We prove in Theorem 4.7 that Hol(∇) = SU(3) if and only if J is not abelian. In the abelian case it is rather straightforward to show that the holonomy reduces to a subgroup of SU(2) (see Remark 4.5 for details), so the main effort in proving the result is to verify that Hol(∇) actually equals SU (3) in all the remaining cases, for which we study the behaviour of the curvature endomorphisms of ∇ and their covariant derivatives of any order. Since the Bismut connection ∇ depends on the pair (J, F ), it is a surprising fact that for 6-dimensional nilmanifolds the behaviour of Hol(∇) is determined by the complex structure J and it does not depend on the balanced compatible metric. It is also proved that if the complex structure is abelian then Hol(∇) = SU(2) if and only if the underlying Lie algebra is h 5 , i.e. the Lie algebra corresponding to the Iwasawa manifold. In Example 4.9 we present an abelian complex structure J on a compact solvmanifold of dimension 6 admitting an invariant balanced J-Hermitian metric such that the holonomy group of its associated Bismut connection equals SU(3), so Theorem 4.7 cannot be extended to solvmanifolds.
As an application, in the last section we look for solutions of the Strominger system [21] in the class of invariant balanced Hermitian 6-dimensional nilmanifolds, which forces the dilaton function to be constant (see equations (a)-(d) in Section 5 for details). In the Strominger system, the anomaly cancellation condition can be solved for different choices of metric connection and the physical validity of the corresponding solutions is studied in [1] . In this context, it is relevant a recent result by Ivanov [17] asserting that a solution of the Strominger system provides also a solution of the heterotic equations of motion if and only if the metric connection is an instanton. In [11] Fu and Yau consider the Chern connection ∇ c and prove the existence of solutions with non-constant dilaton on a Hermitian non-Kähler manifold given as a T 2 -bundle over a K3 surface. In the case of constant dilaton, explicit solutions are given in [8] based on h 2 , . . . , h 6 and h − 19 for different choices of connection, including the Bismut and Chern connections, and in addition solutions of the heterotic equations of motion were found for h 3 . A recent solution based on h 3 with respect to another metric connection is obtained by Grantcharov [14] . In [23] it is proved that for any invariant complex structure J on a nilmanifold N with h − 19 as underlying Lie algebra, the compact complex manifold (N, J) admits solutions, with constant dilaton and non-flat instanton, of the Strominger system satisfying the anomaly cancellation condition with respect to the Chern connection ∇ c . In Theorems 5.3 and 5.5 we prove that any abelian complex structure provides solutions of the Strominger system. More concretely, let M be a nilmanifold endowed with an invariant balanced Hermitian structure (J, F ). If J is abelian, then there is an invariant non-flat SU(3)-instanton solving the Strominger system with respect to the Bismut connection in the anomaly cancellation condition. Moreover, any such solution solves in addition the heterotic equations of motion if and only if h 3 is the Lie algebra underlying M . Finally, in Section 5.1 more solutions for non-abelian complex structures are given. When J is of nonnilpotent type, we prove the existence of a non-flat instanton solving at the same time the Strominger systems for the Bismut and the Chern connection (see Proposition 5.7). Definition 2.1. A nilpotent (resp. non-nilpotent) complex structure on a nilmanifold M is a complex structure on M coming from a nilpotent (resp. non-nilpotent) complex structure J on the underlying Lie algebra g.
Let us denote by g C the complexification of g and by g * C its dual. Given an endomorphism J : g −→ g such that J 2 = −Id, we denote by g 1,0 and g 0,1 the eigenspaces corresponding to the eigenvalues ±i of J as an endomorphism of g * C , respectively. The decomposition g * C = g 1,0 ⊕ g 0,1 induces a natural bigraduation on the complexified exterior algebra
). If d denotes the usual Chevalley-Eilenberg differential of the Lie algebra, we shall also denote by d its extension to the complexified exterior algebra, i.e. d :
It is well-known that the endomorphism J is a complex structure if and only if d(g
In the case of nilpotent Lie algebras g, Salamon proves in [20] the following equivalent condition for the endomorphism J to be a complex structure: J is a complex structure on g if and only if g 1,0 has a basis {ω j } n j=1 such that dω 1 = 0 and
where I(ω 1 , . . . , ω j−1 ) is the ideal in * g * C generated by {ω 1 , . . . , ω j−1 }. From now on, we shall denote ω j ∧ ω k and ω j ∧ ω k simply by ω jk and ω jk , respectively. A complex structure J is nilpotent if and only if there is a basis {ω j } n j=1 for g 1,0 satisfying dω 1 = 0 and
Abelian complex structures satisfy in addition that d(g 1,0 ) ⊂ 1,1 (g * ), and they are characterized by the fact that the complex Lie algebra g 1,0 is abelian. Finally, a nilpotent complex structure is complexparallelizable if and only if d(g
Now, let g be a Lie algebra of dimension 6. A Hermitian structure on g is a pair (J, g), where J is a complex structure on g and g is an inner product on g compatible with J in the usual sense, i.e. g(·, ·) = g(J·, J·). The associated fundamental form F ∈ 2 g * is defined by F (X, Y ) = g(X, JY ) and expresses in terms of any basis {ω j } 3 j=1 , of type (1,0) with respect to J, by
for some r, s, t ∈ R and u, v, z ∈ C. Since we are using the convention (Jα)(X) = −α(JX) for X ∈ g and α ∈ g * , the inner product g is given by
Here The goal of this section is to explicitly describe the invariant balanced Hermitian geometry of 6-dimensional nilmanifolds. 
where ρ = 0, 1 and b, x, y ∈ R, such that the fundamental form F expresses as
where s 2 > |u| 2 and t 2 > 0 satisfy
and the fundamental form F expresses as
where r 2 > 0 and
Proof. The assertion (i) is well-known and the proof of (iii) is given in [23] , so it remains to prove (ii). By [22] , if g has a balanced structure compatible with a nilpotent complex structure J then the Lie algebra is 2-step nilpotent. Moreover [22] , for any nilpotent (not complex-parallelizable) complex structure J on a 2-step nilpotent Lie algebra g, there exists a (1, 0)-basis
where ρ = 0, 1 and B, D ∈ C. Suppose B = 0 and let ζ be any non-zero solution of the equationζ B |B| = ζ. We can choose ζ of modulo 1 and with respect to the basis {ω 
, which also preserves the equations (2.4).
A direct calculation shows that a Hermitian structure given by (2.4) and (2.5) satisfies
Therefore, the Hermitian structure (J, F ) is balanced if and only if s 2 + x + yi =ū b 2 i. This completes the proof of (ii).
The nilpotent Lie algebras g admitting balanced Hermitian structure are classified in [22] . They are: [23] , which correspond to the ±-sign in (2.7), respectively. On the other hand, it is well-known that only h 5 admits a complex-parallelizable structure, and we shall denote by J 0 the structure given by (2.3) . Notice that the pair (h 5 , J 0 ) corresponds to the Iwasawa manifold.
We shall use the following result, which gives a classification of the Lie algebras underlying the structure equations (2.4) depending on the values of the quadruplet (ρ, b
2 , x, y). 
We have omitted the case b 2 = ρ = x = y = 0, which corresponds to the Lie algebra h 8 = (0, 0, 0, 0, 0, 12), because it does not admit any balanced Hermitian structure.
From now on we shall concentrate mainly in the case when the complex structure is nilpotent, because the non-nilpotent case is studied in detail in [23] , although we will return to it in Proposition 4.6. In view of Proposition 2.3 (ii), if we denote by u 1 and u 2 the real and imaginary parts of u, i.e. u = u 1 + u 2 i, then the balanced condition (2.6) reads as x = u 2 b 2 − s 2 and y = u 1 b 2 . Therefore, the balanced Hermitian structures (J, F ), J nilpotent, are parametrized by ρ = 0, 1 and a 5-tuple (b,
2 > 0, in the sense that the complex structure J is given by
We recall that a Hermitian structure (J, F ) on g is said to be equivalent to a Hermitian structure (
Lemma 2.5. On (h 5 , J 0 ) any (balanced) Hermitian structure is equivalent to one and only one structure in the 1-parameter family 2F = i (ω
Proof. Let us consider a generic J 0 -Hermitian structure
where {ω j , ωj} 3 j=1 is the basis satisfying (2.3). We define the new (1, 0)-basis {µ
Now, the basis {σ 
For general nilpotent structures the situation is rather complicated, however we have the following partial classification result: Lemma 2.6. Let J be a nilpotent complex structure given by (2.4) and let F t and F t ′ be two balanced J-Hermitian structures given by (2.5) and (2.6) with u = 0. Then, (J, F t ) and (J, F t ′ ) are equivalent if and only if
Proof. First of all observe that if we fix the complex structure and u = 0, then y = 0, s 2 = −x and therefore the only free parameter is the metric coefficient t 2 . Let us consider two (
and {σ j } 3 j=1 satisfying (2.4) for the same complex parameters ρ, b 2 , x (y = 0) and let F t and F t ′ be two balanced J-Hermitian structures given by
Suppose that there exists an equivalence A : g −→ g between the two Hermitian structures (J, F t ) and (J, F t ′ ). Since the linear isomorphism A * : g * −→ g * commutes with the Chevalley-Eilenberg differential and the extension of A * to the complexified exterior algebra preserves the bigraduation induced by J, then
where (a jk ) ∈ GL(3, C) satisfying dσ j = a j1 dω 1 + a j2 dω 2 + a j3 dω 3 , for j = 1, 2, 3. This is equivalent to the conditions (2.9)
Moreover, the condition F t = A * F t ′ implies that the coefficients a jk must satisfy the following extra equations (2.10)
Combining the last equation in (2.9) with the fourth equation in (2.10) one gets a 12 (2 a 11 + b 2 a 21 ) = 0. We have two possibilities: if a 12 = 0, then it follows from (2.10) that a 21 = 0 and |a 22 
Next we study the balanced Hermitian geometry associated to abelian complex structures. First we observe that in the case of abelian structures, Proposition 2.3 (ii) can be improved in the sense that coefficient b 2 can be reduced to take the value 0 or 1.
Lemma 2.7. Let J be an abelian complex structure on a 6-dimensional 2-step nilpotent Lie algebra g.
where δ = 0, 1 and x, y ∈ R.
Proof. By Proposition 2.3 there is a (1, 0)-basis {ω ′j } 3 j=1 satisfying (2.4) with ρ = 0. Suppose b 2 = 0. We can normalize the coefficient b 2 to be 1 by considering the new basis {ω
In the abelian complex case, given a Hermitian structure (2.5), the balanced condition (2.6) reads as (2.12)
Now, we can combine Lemmas 2.4 and 2.7 together with (2.12) to derive the following classification of nilpotent Lie algebras admitting abelian complex structures with balanced compatible metric.
Proposition 2.8. Let g be a 6-dimensional 2-step nilpotent Lie algebra endowed with an abelian complex structure J given by (2.11) . Suppose that J admits a balanced J-Hermitian metric. Then g is isomorphic to h 3 when δ = 0 or h 5 when δ = 1.
Proof. The proof follows from Lemma 2.4 for the case ρ = 0. If δ = 0 then y = 0 by (2.12) and the Lie algebra is isomorphic to h 3 . In the case δ = 1, the possibilities for g are:
Since s 2 > |u| 2 , from (2.12) we get
that is, 1 − 4x > 4y 2 and therefore the Lie algebra is isomorphic to h 5 .
It is interesting to point out that the Lie algebras h 2 and h 4 have abelian complex structures but it turns out that none of them admit compatible balanced metric. In contrast, for the Lie algebra h 5 we have: Corollary 2.9. Any abelian complex structure on h 5 admits balanced Hermitian metrics.
Proof. Abelian complex structures J on h 5 correspond to δ = 1 and 4y
and any non-zero t 2 . It is easy to check that s 2 > |u| 2 and that (2.12) is satisfied.
The situation is a bit different for the Lie algebra h 3 . Any complex structure on h 3 is equivalent to J
but only J − admits compatible balanced metrics [22] . Next we classify, up to equivalence, all the balanced J − -Hermitian structures on h 3 .
Lemma 2.10. Any balanced structure on (h 3 , J − ) is equivalent to one and only one structure in the 1-parameter family
Proof. First of all, we observe that the balanced condition (2.12) reduces to s 2 = 1, so the fundamental form of a generic balanced J − -Hermitian structure has the following expression:
Let us consider the (1,0)-basis {σ 1 , σ 2 , σ 3 } given by
where
With respect to this new basis the complex structure equations satisfy dσ 1 = dσ 2 = 0, dσ 3 = σ 11 − σ 22 , and the fundamental form reduces to 2.2. Adapted bases. One of the main difficulties to study the balanced Hermitian geometry for nilpotent complex structures J is that the condition (2.6) mixes the "metric" coefficients s, u with the "complex" coefficients b, x, y in a non-trivial way. Next we find an adapted basis {e 1 , . . . , e 6 } for any balanced Hermitian structure in the sense that {e 1 , . . . , e 6 } is a basis of (real) 1-forms such that the complex structure J and the fundamental 2-form F express in the canonical way (2.13)
It is well-known that such a basis always exists locally, but in the following result we find an explicit global adapted basis for any invariant balanced Hermitian structure. 
where ρ ∈ {0, 1}, b ∈ R and s, t ∈ R * ; (2.16)
where ρ ∈ {0, 1}, b ∈ R, t ∈ R * and u ∈ C * such that s 2 > |u| 2 > 0, and where Proof. Since the balanced Hermitian structure on the nilmanifold M is invariant, then there is a balanced Hermitian structure (J, F ) on the Lie algebra g underlying M . We have several possibilities depending on the nilpotency of the complex structure J. If J is complex-parallelizable then by Lemma 2.5 it suffices to consider the basis {e 1 , . . . , e 6 } given by
It is clear that this basis is adapted to (J, F ) and the resulting structure equations are (2.14). Let us suppose now that J is nilpotent but not complex-parallelizable. We consider two cases in Proposition 2.3 (ii) depending on the vanishing of the metric coefficient u.
If u = 0 then the real basis {e 1 , . . . , e 6 } given by
is a basis adapted to (J, F ) and the structure equations become (2.15). When u = 0, starting from the equations (2.4) and the balanced condition (2.6), we consider the (1, 0)-basis {σ 1 , σ 2 , σ 3 } given by
where the coefficients λ 2 and µ 2 are the roots of the polynomial
Notice that the roots of P (X) are different, real and strictly positive because s 2 > |u| 2 . In terms of the new basis the complex structure equations are
, and the fundamental form (2.5) has the simple expression
Now the real basis {e 1 , . . . , e 6 } given by
is clearly a basis adapted to (J, F ) and a direct calculation shows that with respect to this basis the structure equations become (2.16).
The result for non-nilpotent J follows directly from [23, Section 3.1]: starting from Proposition 2.3 (iii) it is proved in [23] that the fundamental form (2.8) can be reduced to either t = 1, v = 0 or v = 1, and these two cases correspond to equations (2.17) and (2.18), respectively. 
From Lemma 2.6 it follows that, fixed a nilpotent complex structure J, two balanced J-Hermitian structures F t and F t ′ in the family (2.15) are equivalent if and only if t 2 = t ′2 . A similar result holds for the family (2.14) by Lemma 2.5.
Deformation of balanced metrics
In this section we study on nilmanifolds the weak ∂∂-lemma recently introduced in [12] in relation to deformations of balanced metrics.
More precisely, the following definition is given in [12] .
Definition 3.1. A compact complex n-dimensional manifold M satisfies the (n − 1, n)-th weak ∂∂-lemma if for each real form ϕ of type (n − 1, n − 1) such that∂ϕ is a ∂-exact form there exists a (n − 2, n − 1)-form ψ such that∂ϕ = i ∂∂ψ.
Fu and Yau prove in [12] that given a compact complex n-dimensional manifold M with a balanced metric, if along a small deformation M λ of M the (n − 1, n)-th weak ∂∂-lemma is satisfied then there exists a balanced metric on M λ for sufficiently small λ.
Next we suppose that M is a nilmanifold endowed with an invariant complex structure J and show when the weak ∂∂-lemma on (M, J) is reduced to the study of the weak ∂∂-lemma at the Lie algebra level. Proof. The proof is based on the symmetrization process given in [2] (see also [9, 22] ). Let ν = dτ be a volume element on M induced by a bi-invariant one on the Lie group G such that, after rescaling, M has volume equal to 1. Given any covariant k-tensor field T :
where X j | m is the value at the point m ∈ M of the projection on M of the left-invariant vector field X j on the Lie group G. It is clear that T ν = T for any tensor field T coming from a left-invariant one. In [2] it is proved that if T = α is a k-form on M then (dα) ν = dα ν . Given an invariant complex structure J on M we can extend the symmetrization process to complex forms and it is easy to see that if α is a form of pure type (p, q) then α ν is again of pure type (p, q). Now, for any (p, q)-form α on M we have the usual decomposition dα = ∂α +∂α, where ∂α is of type (p + 1, q) and∂α of type (p, q + 1). Then, ∂α ν +∂α ν = dα ν = (dα) ν = (∂α) ν + (∂α) ν , which implies that
Suppose that (g, J) does not satisfy the (n − 1, n)-th weak ∂∂-lemma, and let ϕ be a real element in n−1,n−1 (g * ) such that∂ϕ = ∂η for some η ∈ n−2,n (g * ) but∂ϕ ∈ ∂∂ n−2,n−1 (g * ) . Therefore, ϕ defines a real (n − 1, n − 1)-form on M such that∂ϕ = ∂η but there is no (n − 2, n − 1)-form ψ on M satisfying∂ϕ = i ∂∂ψ, because in such case ψ ν would be an element in n−2,n−1 (g * ) for which∂ϕ = i ∂∂ ψ ν , contradicting the fact that (g, J) does not satisfy the (n − 1, n)-th weak ∂∂-lemma.
Let us denote by H
p,q (M, J) the Dolbeault cohomology groups of (M, J) and by H p,q (g, J) the cohomology groups of the complex ( * , * (g * ),∂) at the Lie algebra level. Conditions under which the natural inclusion ( * , * (g
in cohomology are investigated in [5, 6, 19] . In particular, the isomorphism holds for any abelian complex structure J.
Remark 3.3. The symmetrization process defines a linear map
given by α → α ν , which commutes with the differentials∂. If the natural inclusion ( * , * (g
, then any∂-closed (p, q)-form α on M is cohomologous to the invariant (p, q)-form α ν obtained by the symmetrization process.
In the next result we find conditions under which the weak ∂∂-lemma at the Lie algebra level implies the weak ∂∂-lemma on the nilmanifold. Proposition 3.4. Let M = Γ\G be a 2n-dimensional nilmanifold endowed with an invariant complex structure J, and let g be the Lie algebra of G. If (g, J) satisfies the (n − 1, n)-th weak ∂∂-lemma and
Proof. Let ϕ be a real form of type (n − 1, n − 1) on M such that∂ϕ = ∂η for some (n − 2, n)-form η on M . Since∂η = 0, the form η defines a Dolbeault cohomology class in H n−2,n (M, J). From the isomorphism H n−2,n (M, J) ∼ = H n−2,n (g, J) and Remark 3.3 we get that η = η ν +∂(i ψ) for some (n − 2, n − 1)-form ψ on M . This implies that ∂η = ∂η ν + i ∂∂(ψ).
Now, from∂ϕ = ∂η we get that ϕ ν is a real element in n−1,n−1 (g * ) such that∂ϕ ν = ∂η ν . Since (g, J) satisfies the (n − 1, n)-th weak ∂∂-lemma, there existsψ ∈ n−2,n−1 (g * ) such that ∂η ν =∂ϕ ν = i ∂∂ψ. Therefore, ∂η = ∂η ν +i ∂∂(ψ) = i ∂∂(ψ +ψ) and the (n−1, n)-th weak ∂∂-lemma is satisfied for (M, J).
Notice that the (n − 1, n)-th weak ∂∂-lemma is satisfied for (g,
Corollary 3.5. Any abelian complex structure satisfies the (n − 1, n)-th weak ∂∂-lemma.
Proof. It follows directly from the fact that ∂( n−2,n (g * )) = 0 for any abelian complex structure.
Next we describe the general behaviour in dimension 6 with respect to the weak ∂∂-lemma in the presence of balanced structures.
Proposition 3.6. Let M be a 6-dimensional nilmanifold endowed with an invariant balanced Hermitian structure (J, F ). Then, the complex manifold (M, J) satisfies the (2, 3)-th weak ∂∂-lemma if and only if J is abelian, complex-parallelizable or of non-nilpotent type.
Proof. The result is known for the Iwasawa manifold, so we suppose next that J is not complex-parallelizable.
Let g the Lie algebra underlying M and suppose that J is nilpotent. By Proposition 2.3 we consider the reduced equations (2.4) and it is clear that
A direct calculation shows that ∂∂( 1,2 (g * )) = 0. Now, for the real (2,2)-form ϕ = ω 2323 we have that ∂ϕ = ω 12123 , which implies that the (2, 3)-th weak ∂∂-lemma is not satisfied if ρ = 1, i.e. if J is not abelian. Now, by Proposition 3.2 we get that (M, J) does not satisfy the (2, 3)-th weak ∂∂-lemma if ρ = 1.
Suppose now that J is non-nilpotent and consider reduced equations as in Proposition 2.3 (iii). It is clear that ∂( 1,3 (g * )) = ω 13123 and∂( 1,2 (g * )) = ω 1123 , ω 2123 , which implies that
Therefore, the (2, 3)-th weak ∂∂-lemma is satisfied at the Lie algebra level. Since the Lie algebra g is isomorphic to h − 19 and from [19] the natural inclusion ( * , * (g * ),∂) ֒→ (A * , * (M ),∂) induces an isomorphism in cohomology, then the (2, 3)-th weak ∂∂-lemma is satisfied by Proposition 3.4.
The Iwasawa manifold corresponds to the pair (h 5 , J 0 ) and it is well-known that small deformation of the Iwasawa manifold does not admit balanced metric, which implies that such small deformation does not satisfy the (2, 3)-th weak ∂∂-lemma [12] . In the next example we give, on the nilmanifold M underlying the Iwasawa manifold, an explicit deformation I λ of an abelian complex structure I 0 having balanced metric such that the (2, 3)-th weak ∂∂-lemma only holds for λ = 0 but I λ admits balanced metric for any λ. This shows that the weak ∂∂-lemma is not a necessary condition for the existence of balanced metric along deformation of the complex structure.
Example 3.7. Let us consider h 5 with basis e 1 , . . . , e 6 satisfying de 1 = · · · = de 4 = 0, de 5 = e 13 − e 24 and de 6 = e 14 + e 23 . For each λ ∈ [0, 1), let us consider the almost complex structure I λ given by
With respect to the basis of (1,0)-forms µ 1 = e 1 + i e 2 , µ 2 = e 3 + λ+1 λ−1 i e 4 and µ 3 = (λ + 1)(e 5 + i e 6 ), the complex structure equations are
which implies the integrability of I λ . Now it is clear that for λ = 0 the complex structure is abelian and satisfies the (2, 3)-th weak ∂∂-lemma by Corollary 3.5. Moreover, from Corollary 2.9 it follows the existence of compatible balanced metric. When λ = 0 we consider the basis of (1,0)-forms
, with respect to which the complex structure equations for I λ are
Since these equations are expressed in the form (2. 
is satisfied for any λ ∈ (0, 1). In conclusion, for any λ ∈ (0, 1) the complex structure I λ admits compatible balanced metrics, but I λ does not satisfy the (2, 3)-th weak ∂∂-lemma by Proposition 3.6 because it is nilpotent, but neither complex-parallelizable nor abelian.
2 is a balanced I λ -Hermitian metric for each λ ∈ [0, 1).
Holonomy of the Bismut connection
Bismut proved in [3] that any Hermitian structure (J, F ) on a 2n-dimensional manifold M has a unique Hermitian connection with torsion T given by g(X, T (Y, Z)) = JdF (X, Y, Z) = −dF (JX, JY, JZ), g being the associated metric. This torsion connection is known as the Bismut connection of (J, F ) and will be denoted here by ∇. From now on, we shall identify T with the 3-form JdF . In relation to the Levi-Civita connection ∇ g of the Riemannian metric g, the Bismut connection is determined by
T . According to [10] , the holonomy group of the Bismut connection associated to any invariant balanced J-Hermitian structure on a nilmanifold M is contained in SU(3). The aim of this section is to prove that in six dimensions such holonomy group reduces to a proper subgroup of SU (3) if and only if the complex structure J is abelian.
In order to prove this result, first we will study explicitly the behaviour of the curvature endomorphisms of ∇ since they, together with their covariant derivatives, generate the Lie algebra hol(∇) of the holonomy group by the well-known Ambrose-Singer theorem. This approach is also convenient for the applications to the study of the Strominger system in Section 5.
The adapted bases found in Theorem 2.11 will play a central role. More concretely, let g be a 6-dimensional Lie algebra. Fixed any basis {e 1 , . . . , e 6 } for the dual g * , let us consider the structure equations
with respect to the basis. Let g = e 1 ⊗ e 1 + · · · + e 6 ⊗ e 6 be the inner product on g for which the basis {e k } 6 k=1 is orthonormal, and denote by {e 1 , . . . , e 6 } the dual basis. Given any linear connection ∇, the connection 1-forms σ 
). Now, let J be a complex structure compatible with g and denote by F the associated fundamental 2-form. Since the Bismut connection ∇ is given by ∇ = ∇ g + 1 2 T , with torsion T = JdF , the Bismut connection 1-forms σ i j are determined by
JdF (e i , e j , e k ).
Let us suppose next that g is the Lie algebra underlying a 6-dimensional nilmanifold M endowed with an invariant Hermitian structure (J, F ), and let {e 1 , . . . , e 6 } be an adapted basis for (J, F ), i.e. satisfying (2.13). We can always consider the (3,0)-form Ψ given by
Fino, Parton and Salamon prove in [10] that the Hermitian structure (J, F ) is balanced if and only if Ψ is parallel with respect to the Bismut connection ∇, that is, Hol(∇) ⊂ SU(3). We will compute explicitly the Lie algebra hol(∇) of the holonomy group Hol(∇) for each invariant balanced Hermitian structure (J, F ) on M by using the previous description obtained in Theorem 2.11. Our main tool is the computation of the curvature endomorphism R and the covariant derivatives, since they generate the Lie algebra hol(∇). Since we have an adapted basis {e 1 , . . . , e 6 } and we know that hol(∇) ⊂ su(3), we will use the following representation Notice that γ 1 , γ 2 , γ 3 generate the Lie subalgebra su(2), which will play an important role in the case of abelian complex structures. Recall that with respect to an adapted bases {e 1 , . . . , e 6 }, the covariant derivative ∇ ej γ of any 2-form γ is given by (4.5) (∇ ej γ)(e p , e q ) =
In order to illustrate the process, we study in the following example the balanced geometry associated to the complex-parallelizable structure J 0 , i.e. the standard complex structure on the Iwasawa manifold.
Example 4.1. The balanced Hermitian geometry associated to the complex-parallelizable structure J 0 is described by the structure equations (2.14) in Theorem 2.11. Since the basis {e 1 , . . . , e 6 } is adapted to the Hermitian structure, by (2.14) we get that dF = t e 136 − t e 145 − t e 235 − t e 246 and thus the torsion T is T = JdF = −t e 135 − t e 146 − t e 236 + t e 245 . A direct calculation using (4.1) and (4.2) gives that the non-zero curvature endomorphisms R(e p , e q ) of the Bismut connection ∇ are R(e 1 , e 2 ) = 2t 2 γ 4 , R(e 1 , e 4 ) = −R(e 2 , e 3 ) = −t 2 γ 3 , R(e 1 , e 3 ) = R(e 2 , e 4 ) = −t 2 γ 2 , R(e 3 , e 4 ) = 2t 2 γ 1 + 2t 2 γ 4 .
They generate the space γ 1 , γ 2 , γ 3 , γ 4 , however, by (4.5) the covariant derivatives ∇ ej γ 2 for j = 1, 2, 3, 4 are
For the remaining families of Theorem 2.11 the situation is more complicated. We need the following two technical lemmas:
The curvature endomorphisms R(e p , e q ) of the Bismut connection ∇ for any structure in the family (2.15) are
In particular, for ρ = 0 any R(e p , e q ) is a linear combination of the following three curvature endomorphisms:
Moreover, in this case the covariant derivative ∇ ej γ i is zero for i = 1, 2, 3 and j = 1, . . . , 4, and
Proof. It follows from equations (2.15) that dF is given in terms of the adapted basis {e 1 , . A direct calculation using (2.15), (4.1) and (4.2) gives the endomorphisms R(e p , e q ) listed above in terms of the basis (4.4). Finally, for ρ = 0 the covariant derivatives ∇ ej γ i are easily computed using (4.5).
Proof. Since the basis {e 1 , . . . , e 6 } is adapted to the structure, from (2.16) we get that the torsion is (4.7)
Using (4.3) one has that the non-zero Bismut connection 1-forms σ i j are the following: σ
.
A long but direct calculation using (2.16), (4.1) and (4.2) gives the endomorphisms R(e p , e q ) listed above in terms of the basis (4.4). Finally, for ρ = 0 the covariant derivatives ∇ ej γ i can be computed directly using (4.5).
In the next proposition we describe the Lie algebra hol(∇) of the holonomy group of the Bismut connection ∇ when the complex structure J is nilpotent. Proof. Let us suppose first that J is abelian, i.e. ρ = 0. From Lemmas 4.2 and 4.3 it is easy to see that the curvature endomorphisms R(e p , e q ) and their covariant derivatives of any order lie in the subspace γ 1 , γ 2 , γ 3 . We have two possibilities depending on the Lie algebra underlying M . By Proposition 2.8 the case h 3 corresponds to δ = 0 and it is clear from the previous lemmas that only R(e 1 , e 2 ) is non-zero and it is proportional to γ 1 , which satisfies ∇γ 1 = 0 and therefore hol(∇) ∼ = γ 1 . On the other hand, the case δ = 1 corresponds, by Proposition 2.8, to abelian complex structures on h 5 and it is easy to check from Lemma 4.2 that R(e 1 , e 2 ), R(e 1 , e 3 ) and R(e 5 , e 6 ) generate γ 1 , γ 2 , γ 3 , so it remains to study the case ρ = 0 and δ = 1 in Lemma 4.3. The determinant of the matrix whose entries are the components of R(e 1 , e 2 ), and, since 1 + 4s
2 > 0, the vanishing of this determinant depends only on the vanishing of u 1 . But if u 1 = 0 then a direct calculation shows that R(e 1 , e 3 ) and R(e 5 , e 6 ) generate γ 1 and γ 2 , and therefore γ 3 because [γ 1 , γ 2 ] = 2γ 3 . In conclusion, hol(∇) ∼ = γ 1 , γ 2 , γ 3 when J is an abelian complex structure on the Lie algebra h 5 .
From now on, let us suppose that the nilpotent complex structure J is not abelian, i.e. ρ = 1, and we have to prove that hol(∇) ∼ = γ 1 , . . . , γ 8 . In Example 4.1 we showed that this holds for the family (2.14). In the case of Lemma 4.2 it is easy to check that the curvature endomorphisms R(e p , e q ) generate the whole space.
For Lemma 4.3 we will consider several cases depending on the vanishing of the coefficients u 1 and b. 
From R(e 1 , e 3 ) or R(e 2 , e 4 ) we get γ 2 because the components in γ 2 of these endomorphisms cannot vanish simultaneously, and γ 4 comes from R(e 1 , e 2 ).
In the case u 1 = 0 we get γ 3 directly from R(e 1 , e 4 ) or R(e 2 , e 3 ). Again we consider two cases depending on the vanishing of b 2 u 2 − 2s 2 . If b 2 = 2s 2 /u 2 then R(e 1 , e 3 ) and R(e 2 , e 4 ) generate γ 1 and γ 2 , and one also has γ 4 from R(e 1 , e 2 ). In the case b 2 = 2s 2 /u 2 (which implies b = 0) we get γ 2 from R(e 1 , e 3 ) or R(e 2 , e 4 ), γ 1 from R(e 5 , e 6 ) and then γ 4 from R(e 1 , e 2 ).
Finally, let us see that the curvature endomorphisms R(e p , e q ) in Lemma 4.3 also generate γ 5 , γ 6 , γ 7 , γ 8 . If b = 0 then from the curvature endomorphisms R(e 1 , e 6 ), R(e 2 , e 6 ), R(e 3 , e 6 ) and R(e 4 , e 6 ) it is easy to check that this is true. For b = 0 we have that the matrix whose entries are the components of 
whose determinant is equal to |u| 4 4u
Since it is non-zero, γ 5 , γ 6 , γ 7 and γ 8 are generated by these curvature endomorphisms.
In conclusion, if ρ = 1, i.e. J is nilpotent but non-abelian, then hol(∇) ∼ = γ 1 , . . . , γ 8 and therefore the holonomy of the Bismut connection is equal to SU(3). Proof. Since J is non-nilpotent, by Theorem 2.11 it is sufficient to study the equations (2.17) and (2.18 
we conclude that again hol(∇) ∼ = γ 1 , . . . , γ 8 .
Therefore, if J is non-nilpotent then the holonomy of the Bismut connection always equals SU(3).
As a consequence of Propositions 4.4 and 4.6 we get: and let us consider J and F defined by (2.13). It is easy to check that J is an abelian complex structure and the pair (J, F ) is a balanced Hermitian structure. Since dF = −2e 134 + 2e 156 , the torsion is given by T = 2e 234 − 2e 256 and a direct calculation as before shows that R(e 1 , e 2 ) = 0 and R(e 1 , e 3 ) = R(e 2 , e 4 ) = −γ 2 , R(e 3 , e 4 ) = 2 γ 1 , R(e 1 , e 4 ) = −R(e 2 , e 3 ) = −γ 3 , R(e 3 , e 5 ) = R(e 4 , e 6 ) = γ 7 , R(e 1 , e 5 ) = R(e 2 , e 6 ) = −γ 5 , R(e 3 , e 6 ) = −R(e 4 , e 5 ) = γ 8 , R(e 1 , e 6 ) = −R(e 2 , e 5 ) = −γ 6 , R(e 5 , e 6 ) = 2 γ 1 + 2 γ 4 .
This implies that su(3) ⊂ hol(∇). Moreover, the (3,0)-form Ψ = (e 1 + i e 2 ) ∧ (e 3 + i e 4 ) ∧ (e 5 + i e 6 ) is parallel with respect to the Bismut connection, and therefore hol(∇) = su(3).
The existence of a lattice of maximal rank Γ of the simply connected solvable Lie group G associated to g was proved in [24] (see also [7] ). Therefore, the corresponding compact solvmanifold has an invariant balanced Hermitian structure (J, F ) such that J is abelian and its associated Bismut connection ∇ satisfies Hol(∇) = SU(3).
Heterotic supersymmetry with constant dilaton
In this section we study the existence of solutions of the Strominger system with respect to the Bismut connection in the anomaly cancellation condition in the class of abelian complex structures. We show that any invariant balanced metric compatible with an abelian complex structure provides a solution of the Strominger system. Since we look for solutions which are invariant, the dilaton function will always be constant. Recall that a solution of the Strominger system with constant dilaton [21] is given by a compact 6-dimensional manifold M endowed with a Hermitian SU(3)-structure (J, F, Ψ) satisfying the following system of equations [21] 
The instanton A must be non-flat, and α ′ positive because it is related to the string tension (for physical interpretation of the solutions of the Strominger system one can see [1, 4, 8, 11] and references therein).
In equation (d), p 1 denotes the 4-form representing the first Pontrjagin class of the connection, which is given in terms of the curvature forms Ω i j of the connection by
As we recall in the introduction, the anomaly cancellation condition could be solved for different metric connections ∇, and we will consider next ∇ as the Bismut connection associated to (J, F ).
Let (J, F ) be an invariant balanced Hermitian structure on a nilmanifold M , {e 1 , . . . , e 6 } the adapted basis given in Theorem 2.11 and let us consider the (3,0)-form Ψ defining the SU (3) 
j (e k , e l ), ∀ i, j, k, l, where {e 1 , . . . , e 6 } is the dual basis of {e 1 , . . . , e 6 }. We will consider invariant instantons, therefore A satisfies (c) if and only if each curvature form is a linear combination of the 2-forms γ 1 , . . . , γ 8 given in (4.4) .
In the next proposition we find SU(3)-instantons for any balanced Hermitian SU(3)-structure (J, F, Ψ) with abelian J. Proof. Since {e 1 , . . . , e 6 } is an adapted basis for the SU(3)-structure and the connection 1-forms with respect to this basis satisfy σ Therefore, since the 2-forms (Ω A λ ) i j satisfy equations (5.1), the connection A λ is an SU(3)-instanton in both cases.
Finally, since γ 1 ∧ γ 1 = γ 2 ∧ γ 2 = γ 3 ∧ γ 3 = −2 e 1234 and γ i ∧ γ j = 0 for 1 ≤ i < j ≤ 3, it is easy to check that the trace of Ω A λ ∧ Ω A λ is given by (i) or (ii).
In order to compute the trace of Ω ∧ Ω we need to know the curvature forms of the Bismut connection. However, from (4.2) and Lemma 4.2 we get Recall that any abelian complex structure on h 5 admits balanced Hermitian metrics by Corollary 2.9.
